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1. INTRODUCTION

Because of a host of excellent constructive properties (such as a convenient,
numerically stable basis; strong zero, sign change, and determinant properties;
and optimal approximation power), certain finite dimensional linear spaces
of piecewise polynomials (spline functions) have found an increasingly
large number of numerical applications in recent years. These include, for
example, methods for data fitting (such as interpolation, least squares, etc.)
and numerical methods for operator equations (such as the Rayleigh-
Ritz—Galerkin, collocation, least squares and other methods for eigenvalues,
boundary-value problems, and control problems). For the bulk of these
applications, polynomial spline functions are ideal.

On the other hand, there are some natural applications where a nonpoly-
nomial piecewise structure may be preferable. For example, in certain data
fitting problems it may be desirable to work with piecewise trigonometric
or piecewise exponential functions. To give a more specific example, Reddien
[24] has recently investigated a collocation method for numerical solution
of a certain class of singular two-point boundary-value problems in which
a space of functions which are piecewise linear combinations of nonpoly-
nomial functions is used.

Although there is an extensive theory of generalized splines arising as
solutions of best interpolation problems, there has been relatively little
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direct study of linear spaces of piecewise nonpolynomial functions. The
first paper to discuss a general space of piecewise functions (see Remark 1
in Section 10 for some references dealing with specific nonpolynomial splines)
is that of Greville [4]. Here a linear space of functions belonging piecewise
to a fixed m dimensional linear space U,, and with global smoothness C™~2
was considered. With the help of a certain generalized Green’s function,
Greville was able to construct a basis for these splines. The next step was
taken by Karlin and Ziegler [17], who defined a class of TchebychefT splines,
assuming that U, is spanned by an Extended Complete Tchebycheft system
(see Section 2). Further constructive properties of Tchebycheffian splines
were obtained by Karlin [8], where local support bases (B-splines) and sign
regularity properties of matrices formed from them were established. Some
zero properties of Tchebycheffian splines were established in my dissertation
[27], (cf. Karlin and Schumaker [15]).

The main purpose of this paper is to obtain basic structural results for an
extended class of Tchebycheffian spline functions. In particular, we want to
remove the hypothesis that the functions spanning U,, have to be m — 1
times differentiable. Thus, we shall work with a wide class of CT systems
(which we shall call Canonical Complete Tchebycheff (CCT-) systems)
instead of with the usual ECT systems. We believe this extension significantly
enhances the applicability of Tchebycheffian splines, and in fact, one of the
motivations for this paper was the desire to derive a local basis for numerical
computation with the splines used by Reddien [24] for certain singular
boundary-value problems.

In Section 2 we begin with the definition and basic properties of Canonical
Complete Tchebycheff systems. The space of splines of interest in this paper
is defined in Section 3. In later sections we discuss bases, B-splines, zero
properties, a Green’s function, and sign regularity properties of matrices
formed from the spline bases. A central role in the development is played
by the zero properties, which are new even for the case of ECT systems
(cf. [29], where zero properties and applications for polynomial splines are
discussed). This approach permits natural and direct proofs of the deter-
minental and sign regularity results. The Tchebycheffian splines discussed by
earlier authors are, of course, a special case, and the paper provides a new
(and we believe simpler) development of their constructive properties. A
specific example useful in [24] is studied in Section 9.

The question of approximation order using Tchebycheffian splines is not
treated here. For direct theorems we refer to the papers of Jerome [5] and
Jerome and Schumaker [7], and for inverse theorems to DeVore and
Richards [3]. We conclude the paper with a section including remarks
and some further references.
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2. CANONICAL COMPLETE TCHEBYCHEFF SYSTEMS

Suppose that u, is a bounded positive function on the interval [a, &), and
that o, ,..., 0, are bounded, right continuous, monotone increasing functions
on [a, b]. Define

uit) = (@) [ doy(s)
: @.1)
unt) = 1(0) [ [ " dop(5) -+ doyfsy).

We call any system of functions {«;};* which can be written in this form a
Canonical Complete Tchebycheff (CCT-) system. In this section we shall
establish a number of properties of CCT-systems.

First, we should point out the connection of CCT-systems with the
extensive hierarchy of Tchebycheff systems in the literature (cf. [8, 16]).
If each of the o’s has the form

£
olt) = j wis)ds,  i=25,m,

and if w, € C™—tq, b], i = 1,..., m (Where we set w;, = u,), then the system
{u)? is the usual Extended Complete Tchebycheff (ECT-) system. The
collection of CCT-systems is, of course, a much broader class. In one way
it is even larger than the class of usual CT-systems defined in [8, 16] in
that we are not even assuming the functions are continuous. On the other
hand (contrary to an assertion of Rutman [25]), not every CT-system admits
of a canonical representation of the form (2.1). (For a simple counterexample,
see [35].) In any case, CCT-systems include many interesting examples;
for one, see Section 9.

Two questions which are of considerable difficulty in the theory of
Tchebycheff systems can be answered very easily for CCT-systems.

LemMa 2.1, Suppose {u}7 is a CCT-system on an interval [a, b). Then
each of these functions can be extended to form a CCT-system on any interval
[c, d] containing {a, b].

Proof. We need only extend #, to remain positive and bounded on [c, d],
and then extend each of the o’s to be bounded, right continuous, and mono-
tone increasing. |

LeMMA 2.2. Suppose {u;)y is a CCT-system on an interval [a, b]. Then
there exists a function u,,,, such that the set {u;}7"" is also a CCT-system on
[a, b].
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Proof. Choose any bounded, monotone increasing, right continuous
function o,,,;, and set

)= 0) [ [ [ o) dolsn) - oG5

CCT-systems have the advantage that their structure allows us to develop
properties along the same lines as for the ECT-systems. First, it is con-
venient to introduce certain reduced systems. If {i,}7* is a CCT-system, we
define its jth reduced system by

U}'.l(t) = 1’

v; (1) = Lt do ;. oS;40)s 2.2

) t Sm—1
0jm-i(t) = f f dop(Sm) *++ dojio(S;49)-
a a
It will be convenient to introduce the notation
U, = span {v; 75 . (2.3)

Clearly, each of the reduced systems is also a CCT-system in its own right.
We also observe thatu; = v,;,i = 1, 2,..., m. To see the connection between
the u; and the other reduced systems, we need to introduce certain “differen-
tial operators.”

Suppose {u;}7" is a CCT-system on an interval [a, b], and that {o;}3 are
the associated Stieltje’s measures. Assuming that all of these functions have
been extended to an interval to the right of b, then for all ¢ € U,, and all
a < t < b, we may define

Dogp(t) = @(t)/uy(1),

(t+8) — (1) ey
' T o(t + o) — ¢(t . N
D;p(t) = 1(;151 P ) g i=12,...,m—1.
Set

Ly =D, DDy, j=01,.,m-]1. (2.5)

Now we may observe that
Lju,- = O, i = ]7-“’].’
2.6)

=0, i=j+ lLa,m
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It is also useful to note that
L:iui(t) [t=a = 8}',1’—1 ) ] = 0’ ]’--'9 l - ]' (2'7)

We turn now to results on determinants formed from a CCT-system.
We need some notation. Given u € U,, and points

{a <t) = Sty KB} = LTy yoeey Th yores Tg yoees Tahs (2.8)

where each 7, is repeated exactly /; times (Zf I; = m), we define the matrix

uy(7y) e Un(T1)
L1u}(71) o L, (7)
Uy ooy U Lzl—1241(7'1) s Ly que(Ty)
M( - tm)_ 5 : 2.9)
ul(.'rd) v Un(742)
_le—lul(Td) e le—lum(Td) J

(cf. [16, p. 5] for a similar definition for the ECT-system case). We denote
the determinant of this matrix with the letter D.
In view of (2.6), it is clear that for any ¢ € [a, b],

m—1

D (“1 ”’") = [] 254(t) = (1) > 0. (2.10)
t,.., t iy

(This is the analog of the fact that the Wronskian of an ECT-system is
always positive.) We can now show the positivity of all determinants formed
with #’s as in (2.8).

THEOREM 2.3. Suppose that {u;}7* is a CCT-system and that {t;}7" are as
in (2.8). Then

D (“1 ”’”) ~ 0, 2.11)

tl 3oy tm
where D is the determinant of the matrix defined in (2.9).

Proof. We proceed by induction on m. For m = 1, the statement is
precisely the statement (2.10). Now suppose that the result has been proved
for CCT-systems of m — 1 functions. We shall proceed along the lines of
proof of the analogous result for ECT-systems (see [16, p. 377]). The key
here is the fact (cf. (2.1), (2.2), (2.6)) that

whalt) — i) = [ L) dos). 2<i<m (1)
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Now, starting with the determinant (2.11), we shall reduce it to an integral
of a similar m — 1 square determinant over a region on which it is strictly
positive. First, we observe by (2.6) that the only nonzero entries in the first
column correspond to the d rows starting with w(7,), with u,(7,), etc.,
up to u(rg). Suppose we factor u,(r;)) out of the ith of these rows
for i = 1, 2,..., d. Now subtract the (d — 1)st from the dth, the (d — 2)nd
from the (d — 1)st, etc., and the 2nd from the first. We now have a 1 in the
upper left-hand corner, and the rest of column 1 is 0. Expanding, we have
an m — 1 square determinant. In the rows corresponding to =,,..., 74,
we have expressions as in (2.12). Using (2.12), we obtain that

=[P [t st

Z‘1 ERRRT] tm Td-1

where

@81 500, Sqq) = D ( Lytty ey Loty )

T1 s0ees T2 s S1 5 T2 srees To 3 83 50005 Sq1 5 T seves T

with =; appearing exactly /; — 1 times, i = 1, 2,..., d. Since o, are monotone
increasing, there is mass in each of the stated intervals, and the integral is
positive, as its integrand is nonnegative on the closed interval and positive
in the interior. |

We close this section with a statement about the number of zeros any
nontrivial u € U,, may possess. Because of the special structure of CCT-
systems, we may define a kind of multiple zero for them. We say u has a
z-tuple zero at the point ¢ in [a, b] provided that

w(t) = Lu(t) = -+ = L, qu(t) = 0 = Lu(t) (2.13)
if 1 <z << m — 1. We say u has an m-tuple zero at ¢ if all of the expressions

u(t),..., L,,_u(t) vanish.

THEOREM 2.4. Suppose U, is spanned by a CCT-system, and that Z
counts the number of zeros of an element u € U, according to the rule (2.13).
Then if u is not identically zero,

Zw) <m— 1. (2.149)

Proof. Suppose u = Y5 o;u; has m zeros, say at points {#;}7 as in (2.8).
Then the vector « = («y ,..., ®y,)T must satisfy the linear system

M (ul yeres um) % =0,

11 yeres b

which is nonsingular by Theorem 2.3. Thus « = 0. ||

640/18/3~7
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3. TCHEBYCHEFFIAN SPLINES

In this section we define the space of splines of interest in this paper, and
determine its dimension. Let a = x; < x; << =" < X34; = b, and set
4 = {x;}} . The set 4 partitions the interval [a, b] into k - 1 subintervals
L = [x;,x2), i=0,1,.,k —1 and I, =[x}, xp4]- Let 1 <m, < m
be integers, and define .# = (m,,..., m;). Finally, let U,, be spanned by a
Canonical CT-system, and let {L,;}7"* be the operators defined in (2.5).

We call the space

SUy s M ;) ={s:5,=5;,€U,,i=0,1,.,kand 3.1)

Lis; o(x) = Lis(x,), j=0,1,...,m—1—mfori=1,.,k)

the space of Tchebycheffian spline functions with knots at xy ,..., X;, of multi-
plicities m, ,..., m;, . It is clearly a linear space.

THEOREM 3.1. Let K = Zf m;. Then P (U, ;HA;4) is of dimension
m-+ K.

Proof. Suppose s(x) = Y4 cius(x) for xe I, i =0, 1,..., k. Then the
continuity conditions relating successive pieces of s can be written in the form

A4, —4; Cy
Ae = A “{=o
A, —A] L

where ¢; = (€1 5..» Cim)” and

Loul(Xi) Louz(x;L) o Loum(xl)
4 0 Lyu(x) Lyt (X;)
0 0 o Lm—m,-—lum‘mi(xi) “' Lm—mi—lum(xi)

It is clear that A; is of rank m — m . Hence, the matrix A4 has rank equal to
the number of its rows, viz., 21 (m — m;). As A is a transformation of
Euclidean m(k -+ 1) space into Euclidean Ef (m — m;) space, the d1mens1on
of the null space of 4 is equal to m(k + 1) — 21 m-—m) =m-+ }:1 m; =

m -+ K. This is the dimension of &%, |

The reader who is not too familiar with Tchebycheffian splines may want
to keep in mind the case where U,, = £,, = space of polynomials of order .
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In this case an ECT system basis in the canonical form (2.1) is given by the
functions #,(x) = x*/(i — 1)! with w,(x) =1, i = 1, 2,..., m. In this case
the operator L; = D7, the usual jth derivative operator. (For a treatment of
polynomial splines which more or less parallels the development here, see

291)

4. A ONE-SIDED BaASIS

Our aim in this section is to construct a basis for the space F(U,, ; A ; 4).
First, we observe that U, € #(U,, ; 4 ; 4). Thus, as part of a basis we may
take the m functions u, ,..., u,, . To complete a basis, in view of Theorem 3.1
we would now like to construct m, splines associated with each knot x;,
i=1,2,.., k. To this end, we now introduce certain functions whose form
is similar to the u,; , but with the point a replaced by an arbitrary point y

in (a, b).
We define
g, y)=0 t<y,
' (4.1)
= ul(t)’ t > y’
and forj = 2,....m
gi{t,y) =0, t <y,
4.2
—u® [ [ [Tty - dags) 1zy @
Clearly,
Lig:i(t’ y) |t=y = 82’,7’—1 s = 0; L--wj — L. (43)

Moreover, for t = y the following lemma shows that g,(r, ¥) € U,, . In fact,
we show that

gi{t,y)e U; = span{u,}, fort>y (4.4)
and in fact, for ¢ >y,
&t y) = u(t) + . 4.5)

LemMma 4.1, Forj=2,...mandallt >y,

J

gilt:y) = Y, ulD) vps s i VU1, (4.6)

i=1
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where

U;l:l(y) = ]’

050 = [ dons(tn,
: ¢ 4.7

s = [ [ [ o) dotn)

allj=0,1,.,m—1.
Proof. We prove somewhat more; namely, for all r =0, 1,...,j — 2,
toateye tj1 3 .
[T dot) - dopaltrad) = 3 (=177 p ) 0y sira(9):
v vy Y =1+l (48)

We accomplish this by induction on r. For r =j — 2,

f: doi(t) = | “do1) — [ ot = vy-s0) = 05sa2)

= 0;_0,9() Vm—j oY) — Vj_2,1(1) Uy o(3),
which is (4.8) in this case. Now we assume that (4.8) holds forr + 1,...,j — 2,

and prove it for r. We have

J‘ [trﬂ jtj_l dO'j e do,, g = .[: ¢(t,-+2) dgr+2 - .[j ¢(t7+2) d07+2 ’ (49)

¥y Yy Y

t

where (using the induction hypothesis)

trio atpys tjoa
¢(’r+2) = f f f do; - doy,
y y v .

4 . .
= Y (=D vpnimra(terg) Omojimia( D).

i=r+2

Substituting this in the first term of (4.9), we see that it reduces to

S (1Y 0y (1) By st ):

i=1+2

Now a simple induction argument shows that

a Yy v Lo ¢
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Thus, since v, ,(t) = 1, the second term in (4.9) is equal to
('_ 1)3’—7—1 Ur,l(t) v;';t—i.j-r( y)>

and (4.8) is proved for all r. |

The meaning of the expansion (4.6) may be somewhat clearer if we observe
that in the polynomial case it is just the binomial expansion:

N —pit L ey .
g](t,y)— (m_1)| —i=1(l—"1)'(]_l)', t =Y.

THeOREM 4.2. A basis for F(U,, ; #; 4) is given by

{Pij(t) m—JJrl(t x)}] =1,i=0° (410)

where for convenience we have set my = m.

Proof. First, observe that g,,_;.1(f, Xo) = Up—jsa(t), j = 1, 2,0, 1y = m.
As observed before, these functions belong to <. Moreover, in view of
properties (4.3) and (4.4), it also follows that the functions g.(¢, x;),...,
Em-m +1(l, X;) belong to &, i = 1, 2,..., k. Now by Theorem 3.1 we have the
rightlnumber of functions for a basis. It remains only to prove that they are
linearly independent.

Suppose that

llM?:'

z z]pii(t) = 0.

Then for all z € I, = [x,, x;) this reduces t0 ¢y pu(t) + ** + Compom(t) = 0.
But {p,;}17’ span U, , so we conclude ¢y = -* = ¢, = 0. Next we consider
tel, = [x;,x,). Now we have cypn(t) + -+ + ¢y prn (f) = 0. But in
view of (4.5), these functions are also linearly independent on I/, , so these
¢’s are 0. The process may be continued to show that all ¢’s are 0, and the
linear independence is established. ||

In closing this section we may observe that all of the splines used in
Theorem 4.2 come from one fixed basic spline by the application of
appropriate “differentiation” operators. In particular, if we define
L;* = D;* --- D;*, where

P(t) — ¢(t — 9) j=12..m—1 (411

1) = lim
b; CP( ) 810 oy 7+1(t) - Um'f-fl(t — 8)
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(we emphasize that these are not the adjoints of the L, defined earlier), then

Lj*l?(;.fi = 0, i= 1, 2,...,j,
=0y, i=j-+1,.,m (4.12)
Then, if we apply L;* to the y variable in the expansion
m .
gm(t’ y) = Z ul(t) v;m‘i+1(y)(__1)M~Z, ! > Vs
i=1 .13)
=0, t<y,

we obtain (using Lemma 4.1 again),

En-it,¥) = (=1Y Lj*gun(t,y), Jj=12,.,m— 1 (4.14)

Thus all of the splines can be obtained from the “Green’s function” g,.(t, »).
We discuss some further properties of this Green’s function in Section 8.

5. ZERO PROPERTIES

Up to this point, we have made no assumption that the underlying CCT-
system involved in the definition of splines should be continuous. For the
remainder of the paper, however, we will have to work with splines which
are continuous (along with their “derivatives” L;s). To ensure this, we assume
henceforth that #; and all of the o’s in the canonical expansion (2.1) are
continuous.

In this section we shall show that a nontrivial spline s € A(U,, ; .#; 4)
can have at most m + K — 1 zeros, counting multiplicities in a very strong
way. Before we can state this result, we need to agree on how to count
multiplicities.

Let s € #(U,, ; #; 4). Then since between any two knots, s is an element
of U, , we know from Theorem 2.4 that either it vanishes identically
throughout this interval, or it can be zero only at a finite number of isolated
points in the interval. The multiplicities of isolated zeros of s at points ¢ ¢ 4
will be counted exactly as in (2.13).

When s vanishes identically on an interval between two knots, then we count
the entire interval as either m or m -+ 1 according to the following rules:

If s(t) = Ofor [a, x;) buts(t) 5= 0forx; << t < x; 4 «for some

€ > 0, then we count [a, x,] as an interval zero of s of multi-
plicity z = m. A similar count is used if s vanishes on an (5.1)
interval ending at b.
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If s(¢t) = 0 for all [x;, x;] but s(¢) = 0 for x; — e <t < x;
and x; <t < x; + ¢, some € > 0, then we count the multi- (5.2)
plicity of [x;, x;] as

z=m-+1, if m is even and s(x; — €/2) s(x; -+ €/2) <0,
=m+ 1, if m is odd and s(x; — €/2) s(x; + €/2) > 0,
=m, otherwise.

It remains to consider the case where s is zero at a knot, but not in an
interval containing the knot, or where s jumps through zero at a knot. If
te 4 and s does not vanish in any interval containing ¢, then we define the
multiplicity of the zero t by

Suppose t = x; , and s,_; and s; are the elements of U, repre-
senting s on I,_; and I; (cf. (3.1)). Let « = max(/, r) such that
Siq(t) = Lysia(t) = - = Lyy5:4(t) = 0 # Lis;4(t) and (5.3)
sty = Lys(t) = - = L,_18,(¢t) = 0 5= L.s,(¢t). Then we count

the multiplicity of ¢ as

z=a+1, if « is even and s changes sign at ¢,
=+ 1, if « is odd and s does not change sign at ¢,
= a, otherwise.

This rule counts a jump through 0 at a knot as a zero of multiplicity 1. The
rules (5.2) and (5.3) have been designed so that s has a sign change at a zero
of odd multiplicity, and no sign change at a zero of even multiplicity. We
also note that the rule (5.3) is actually equivalent to the usual one (2.13) if
we apply it to ¢ ¢ 4.

THEOREM 5.1. Suppose that o, ,..., o,, are continuous (so that U, and
the reduced systems are continuous functions). Then

Z(s) =m-+ K—1, all se AU, ; M; Q) s =0, (5.4)

where Z counts the number of zeros of s in [a, b], with multiplicities as in
(5.1)-(5.3).

Proof. Form = 1, Z simply counts the number of times that the piece-
wise function s jumps through 0. Since #,(f) > 0 in [q, ], such jumps can
only occur at knots. It follows that Z(s) < k = K in this case.

To prove the theorem in general, we proceed by induction on the order of
U.. . Suppose the theorem is true for order m — 1, and in particular for splines
associated with the space U}’ spanned by the first reduced system (see (2.3)).
We shall now prove the result for U, .
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First, suppose that .# is such that there is no m, = m. Then s is continuous.
Consider the function §= L,s. It is clear that § is actually a spline in the
space S (UL M'; A), where M’ = (my,..., m;/) with m; = min(m; , m — 1).
Now we shall show that Z(s)= m + K leads to a contradiction by showing
that in this case Z(s) = m + K — 1, which is impossible by the induction
hypothesis. (Note: Z counts multiplicities with respect to the CCT system
spanning U{Y, which uses different operators.)

By the definition of multiple zero (2.13), it follows that if s has a zero of
multiplicity z > 1 at a point ¢ ¢ 4, then § has a zero of multiplicity z — 1
at the same point. The same is true for definitions (5.1)~(5.3). For example,
for (5.3) we have the following table:

o  schangessign Z(s) «— 1 §changessign Z(5)

even yes a+1 odd no o
even no a odd yes a—1
odd yes o even no a—1
odd no a+ 1 even yes o

In addition to the zeros of § coming from multiple zeros of s, we also
observe that by the continuity of s, between any two zeros of s, § must have -
a change of sign. Thus, assuming that there are a total of 4 points and
intervals where s vanishes with multiplicities z, ,..., z; and Z(s) = Zf z; =
m + K, we find that

a
20 =23z —D+d—1=m+K—1.
1

This is our desired contradiction, and we conclude that no s with m + K
zeros can exist.

It remains to consider the case where some of the knots are m-tuple.
Suppose for the moment that there is only one such knot, say x;, with m; = m.
Define sz to be the restriction of s to [x,, b], and s; to be the restriction
of sto [a, x;). We define s;(x;) = limyy,, s.(¢). Then by what we have
already proved, we have

-1 k
Ziaot(st) <m + Y, m; — 1 and Zig,n(Sp) < m + 21 m; — 1.
1 23
Moreover, we note that if x; is a zero of s of multiplicity z; , then by the defi-
nition of multiplicity, x; is also a zero of multiplicity z; — 1 of either s,

or si . Thus, we conclude that
k

Z(s) < Z[a,wt](sL) + Z[xl.b](sR) +1<m-+ z m; — 1.

1
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If there are several knots of muitiplicity m, we simply divide [a, b] into the
corresponding number of pieces and argue in the same way. §

If U, is a CCT system on a larger interval [c, d] 2 [a, b], then each element
se $(U,; #; ) has a natural extension to [c,d] defined by taking s,
throughout [c, x;) and s; throughout [x,, d]. Since we did not use any
properties relating to [a, b], it is clear that Theorem 5.1 remains valid if we
count zeros as above, but throughout the entire interval [c, d].

6. LocAL BASES AND B-SPLINES

For numerical applications the one-sided basis constructed in Section 4
is generally not well conditioned. It would be much preferable to have a
local support basis. In this section we shall construct one by constructing
analogs of the B-splines.

In view of Theorem 4.2, it would be natural to try to construct a local
support basis for & by taking linear combinations of the one-sided splines
in (4.10). The following lemma gives necessary and sufficient conditions for
a linear combination of such one-sided splines to have local support.

LemMMA 6.1. Let a <z <ziy < <z, <b and 1< p; < m,
i=1 14 1,..,r, and suppose

B(t) = Z Z %35 8megia(t, Z2)
iml j=1

Then B(t) = O fort > z, if and only if

i3

i

(XijL]tIU;m_v_i_l(Zi)(_l)j—l eSS 0, V= I, 2,..., m. (6.1)

R

I
-

z

14
In particular, if B(t) =0 for t > z, , then B can be nontrivial if and only
if3 e > m.

Proof. First, we observe that by (4.13) and (4.6), for t > z,,

m—j+1

gm-inalt; 2) = (=1 T u(0) LEaogim sa(z) (1),

v=1

By (4.12) we may write the sum to m as all the extra terms are 0. Now,
interchanging the order of summation and using the linear independence
of the u, ,..., u,, we conclude (6.1) must hold. The converse is clear.

640/18/3-8
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Now if 3, u; < m, then the first 3, p: equations of (6.1) are a homo-
geneous system for the 3; u; coefficients. It is nonsingular by Theorem 2.3
(applied to the CCT system {vg,;}7"). This implies B is trivial.

An alternate proof of the second assertion here can be based on the zero
theorem of Section 5. If B vanishes both to the left and right of (z;, z,),
then it has 2m zeros. Hence, it must have at least m + 1 knots. ||

The simplest case where we can hope to construct a local support spline
is the case where ¥, #; = m -+ 1 in Lemma 6.1. In this case, by Cramer’s
rule, the solution of (6.1) must be such that up to a constant multiple,

B(t): D*( ul*a“'a um*: gm(t’ ) )
X7 geres X seney Xy yoves Xy

where we have written u,* = vgf, ,i = 1, 2,..., m, for convenience, and where
the * on the determinant is to remind us that multiplicities are to be treated
as in (2.2), but using the operators L;*, j = 1,2,...,m — 1.

The determinant defining B(z) may be regarded as a generalized divided
difference (cf. [21] and references therein). Indeed, if {u;*}7" is extended to a
CCT system {u;*}7*! by the addition of one function, then given any
t; < - <ty and a function f for which the required “derivatives” exist,
we define the divided difference of f over t, ,..., tn.4 With respect to {u;*}** by

D* ( w*,..., u,,,*,f)

1y yeees b 5 L
[tl senvs tm+l]f: 12 * m *m+1 . (62)
D* (ul FI) um+1)
S SRR A

It is not hard to show that this divided difference has the properties of the
usual one. For example, for all u € U,,* = span{u,*} the divided difference
is 0. Indeed, this definition coincides with the usual one if we take
u*(t) = Y — DL

Now that we have succeeded in constructing a local support spline, we
can construct a local support basis for #(U,, ; #; 4).

THEOREM 6.2. Suppose {u;*}" is a CCT system on an interval [c, d]
containing [a, b]. Let y,.q1 << ** < Vpox be an enumeration of the sequence
X1 seeey X1 yeens X eeey X » Where each x; is repeated exactly m; times,
i=1,2.,k Let c<y <<y, <a and b < Vpyg1 < - <
Yomix << d be arbitrary. Define

Bi(t) = [yz seeesy yi+m] gm(t, '): i= 1, 2,---, m -+ K. (63)
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Then {BY7*X is a basis for #(U,, ; #; 4). Moreover,

By(t) >0 on (Vi) YVigm)s (6.4)
and

B(t)=0  for t <y, YViem S 1, (6.5)
i=12,...m-+ K.

Proof. By the definition of divided difference and the observation (4.13),
it follows that each of the B, is a linear combination of the {p,};;*_, of
Theorem 4.2. Hence, each B; € (U, ; #; 4). As there are the right number
of B’s, we will have proved they are a basis if we show they are linearly
independent. We defer this until the following lemma, where a strong
form of linear independence is established.

By the one-sided property of the p;;’s, it follows automatically that B,(¢) = 0
fora <t < y;.Fory;,,, <t <b,wehave the (m 1+ 1)st divided difference
of an element in U,,* (cf. (4.13)), which as remarked above is 0. Property
(6.4) follows from Lemma 6.4 below which gives an even stronger property
of the B-splines. |

Note that the assumption that {u;* = vg;}7* is a CCT system on an interval
[c, d] larger than [a, b] is no restriction as CCT systems can always be
extended as in Lemma 2.1.

LemMMA 6.3, Let m <l <r <m+ K+ 1, and suppose y, < y,,, and
Yy < ¥, . Then {BY, "}, are linearly independent on [ y,,y,). (These are
precisely the B-splines with support on this interval.)

Proof. We may choose y; <ty <" <t_; <y, so that
L€(Vis YVigm) i =1 —m + 1,..., ¥ — 1. Now by Corollary 7.3,

Bl—m+1 300y Br—l

tl—m+1 LR ] tr—l

D ) >o,

which, of course, implies the linear independence. ||

Lemma 6.3 asserts that the B-splines {B;}\_,,,, form a basis for U,, on the
interval [y, , ¥,,,]. We close this section with a sharper result on the behavior
of B; in the interval (y;, Y;im)-

THEOREM 6.4. For all i = 1,2,..,m+ Kand all j =0,1,....m — 1

Z(@/,-,@/,-+m)(LJ'Bi) < /J.
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Proof. We note that L;B; € L(UY; MD; 4), with # = (m{?,..., m{")
and m{’ = min(m; , m —j), i = 1, 2,..., k (cf. the proof of Theorem 5.1).
Then Theorem 5.1 guarantees that Z(L;B;) < 2m — j. Since L;B; has m — j
zeros on each end (it is order m — j), it can have at most j in (¥;, Viim). |

7. THE B-SPLINE COLLOCATION MATRIX

Suppose a < #; <+ < tpex < b are real numbers with at most m of
them equal to any one value. In this section we shall consider the matrix

M (Bl yorny Bmﬂ()

R

defined as in (2.9) and its determinant D. We assume throughout this section
that the o’s defining the CCT-system are continuous so that each function
in U, is continuous (cf. Theorem 5.1).

THEOREM 7.1. Let m > 1. Suppose at most m of the t’s and y’s (the knots
of the B’s) take on any one value. Then

D (Bl yerny Bm+K) 20

8o bnak
if and only if
Yi <ty < Yiim> I = 1, 2,..., m+ K. (7.1)

Proof. Tt is easily seen using Laplace’s expansion that if (7.1) fails to
hold, then D = 0 (cf. [8, 17]). Now suppose that (7.1) holds, but that the
determinant is nevertheless 0. Then there exists a nontrivial linear com-
bination of the B’s, say s = Z;MK ¢;B; , which vanishes at all of the #’s,
along with “derivatives” L,s,... in case of multiplicities. Let ¢, be the first
nonzero coefficient, and suppose / << r << m + K is the smallest index
so that s is 0 on an interval with left endpoint y,.,, . Then § = 3] ¢;B; has
an m-tuple zero on [c, y;) and an m-tuple zero on [y,., , d]. In addition,
it vanishes at the points ¢, ,..., ¢, which lie in (y;, y,4m) by (7.1). As s does
not vanish on an interval in (¥, ¥,..), we see that it has a total of
2m + r — I -+ 1 zeros. But it only has m + r — [ 4 1 knots, contradicting
Theorem 5.1. The determinant cannot be 0. ||

The conditions (7.1) require that each ¢, lie in the interior of the support
of the corresponding B-spline B;, i = 1,2,.... m + K.

COROLLARY 7.2. Under the conditions (7.1) the determinant in Theorem 7.1
is positive.
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Proof. Suppose first that y,, <+ < yp,x. Now for any choice of
t, <<+ < tg.x such that each ¢, lies in the support of B; but not in the
support of any other B-spline, i = 1, 2,..., m + K, it is clear that the matrix
of interest is diagonal with positive entries on the diagonal, and hence the
determinant is positive. (There do exist such ¢’s.) Now since all of the B-splines
are continuous functions of ¢, the entire matrix is a continuous function of
the vector (7, ,..., tn.x) as long as we keep the #’s distinct. We conclude that
as this vector runs over all distinct ¢’s satisfying (7.1), the determinant is
always positive (as by Theorem 7.1 it never vanishes). Now, if we let the ¢’s
coalesce, the sign of the determinant does not change. We conclude that the
determinant is positive for all #; < -+ < 1, satisfying (7.1).

To complete the proof, suppose that {¢}7™ satisfy (7.1), and that the
{y33*¥ include possible multiplicities. Let y{* < - <y . be a sequence
of distinct y*”s converging (say from above) to the y;,..., Vomix . For
sufficiently large v, (7.1) will remain true for the y*”s. By what we have
proved above, the corresponding determinant D, is positive. We will be done
if we show that D, — D, since by Theorem 7.1 we know D = 0. This will
follow if we show that for each 0 <<j<{m — 1l and all 1 <i < m+ K,

L;B,; (t) — L;By(t) (1.2)
for all t. Now

L;B; (6) = [Y¥ e y200) Lig(t, ),

where L;g,(¢, ¥) is 0 if t < y, and can be computed from (4.13) for ¢ = y.
By the definition of the divided difference (6.2), the divided difference of a
function over the points y; ,..., ¥;.n, is the limit of the divided difference over
the points p{”,..., %, as v — 0. We conclude that (7.2) holds pointwise,
and the corollary is proved. (Note: We do not assert that (7.2) holds uni-
formly, and in general it does not. If, however, at most m — j — 1 of the
Vs 5> YVirm are equal to a single value, then this stronger assertion is in fact
true.) |

‘We can now show that the matrix M is actually totally positive.

COROLLARY 7.3. Let m > 1. Suppose t, < -+ < t, with at most m of the
t’s and y’s equal to any one value. Then for any 1 <v; <+ < v, <m+ K,

Byp-.., va) 2 0. (73)

S P
Strict positivity holds if and only if

tie(yv,-)yv;+m)a i= 1’2’“-91)' (74)
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Proof. The fact that D is 0 if (7.4) fails to hold is established easily with
Laplace’s expansion. We suppose now that (7.4) holds, and show that D is
positive by induction on p and on ¢ = number of gaps in the sequence v, ,...,v,,.
When g = 0, we know that D > 0 by Corollary 7.2. Assuming the assertion
is true for p — 1 and all g and for p and ¢, we now try to prove it when
V1 5. ¥ has g + 1 gaps.

There is no loss of generality in assuming that

yv‘-+1 < tl < yvrf”m—l ’ i = 1, 2,-.-, p‘ (7.5)

Indeed, if (7.5) fails, say ¢; << Vv41 > then D can be written as the product of
two determinants of lower order; viz.,

D—D (Bvl,..., B,,j) D (Bym,..., va) .
A Lisd seees Ep
Suppose now that i denotes one of the missing indices in the sequence
Vi 5e..s ¥y and that [ is such that v, < - <y <i <y, < <w,.

To complete the proof, we need a determinantal identity which is useful
in the theory of Total Positivity (cf. [8, p. 8]) which in this case reads

(cf. [1D):

D (sz’---’ B,,B;,B, .. B,M) D (B,,l,..., Bvﬂ)

tl 3eeey tl——l ’ tl > tl+1 sreey ti’-—l tl ERRRS) t])
- (BV2,..., ng) D (B,,l,..., B,, B, B, - B,H\)
tl gesssy tﬂ~1 tl gvers tl’tl+1 yrasy tp

B,....B, | B,,...B,,B;, B, .., B,
0 () R e e )
Now we may apply the inductive hypothesis to each of the determinants on
the right-hand side and to the determinant in front of the desired one on the
left-hand side. All of these are positive since in the p X p determinants the
sequences have at most g gaps while by (7.5) the ¢’s lie in the support of
the corresponding B-splines. We conclude that D > 0. |}

Theorem 7.1 and Corollary 7.2 were established for the ECT case by
entirely different methods (using results on a Green’s function; cf. Section 8)
by Karlin [8]. The first part of Corollary 7.3 for the ECT case can also be
found there. The method of proof of Corollary 7.3 used here comes from
deBoor [1].
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8. A GREEN’S FUNCTION

We saw in Section 4 that the function g,,(¢, ¥) plays a basic role in discussing
a one-sided basis for Tchebycheffian splines. In view of (4.3) and (4.4),
it is a kind of Green’s function, and thus its properties are of interest in
their own right. In this section we consider certain determinants formed from
2., and apply the results to obtain total positivity properties for matrices
formed from the one-sided basis for #(U,, ; 4 ; 4).

Suppose that

N

N 0 K Py T XY geery XY geers Xps genes Xio 8.1)
and

t]_ < “ee < tp T TR peeny TL geoes T geees T s (8'2)

where each x; is repeate;i exactly m, times and each 7; is repeated exactly /;
times, with Zi m; = 1 1; = p. Then if G(t, y) is a kernel for which the
required derivatives exist, we define

Gy Gy - Gy

Vises Vo _ | Ga G -+ Gy
()= : 5.3

Gy Ga - Ug

where
G(t;5 ¥5) L*G(t;,y)) - L{iaG(t:, y)
G.i = LiG(t:,y)  LiL*G(@t:,y) - L1L;;-1G(ti s Vi) (8.4)
13 '
Lm,-—lG(ti s yJ) o Lmivlth—lG(ti > yJ)

(the L’s operate on G with respect to ¢ and the L*’s operate on G with respect
to the y variable).

The matrix (8.3) can be defined for the kernel g,,(¢, y) as long as we require
that 1 << m;, I; < m, (cf. Lemma 4.1 and (4.14)).

THeOREM 8.1. Let m > 1. Suppose that in (8.1) and (8.2) that at most
m t'’s and y’s take on any one value. Then

det g, (yl y“’) >0. (8.5)

tisers bp
Moreover, this determinant is strictly positive if and only if
Lim < Ve < t;, i=12,..,p, 8.6)

where the left-hand inequality is ignored if i < m.
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Proof. Using Laplace’s expansion, it follows that the determinant is
zero whenever (8.6) fails (cf. [8, 16, 17]). Suppose now that (8.6) holds, but
that the determinant is 0. Then there exist coefficients, not all zero, so that

k my
s(t) = z z Cis 8m—i+1{ls X;)
=1 j=1
satisfies

Lis@t)=0, j=0,1,..,1~—1 and i=1,2,..,k.

Suppose [ is the maximal index such that s vanishes identically up to y;.
If s does not vanish on any interval to the right of y;, then it is a nontrivial
spline with p — / 4 1 knots with a total of m 4 p — / + 1 zeros (counting
multiplicities); namely, m zeros to the left of y,, and zeros at the points
t; 5..., t, (Which are not contained in an interval where s vanishes identically
by the assumption and the fact that y, << #; from (8.6). This is a contra-
diction of Theorem 5.1.

It remains to consider the case where s vanishes somewhere on an interval
to the right of y,. Suppose r is such that s is identically zero for y,., < ¢,
but does not vanish on any subinterval of (y;, y,,). But then, the spline
§=Y0, Z;’;‘I Cii &m-inlt, X;) has an m-tuple zero on the left, an m-tuple
zero on the right, and zeros at the points #,,..., z, (which by (8.6) lie in
(Vi Vrem))- As § has only m 4+ r — [+ 1 knots, these 2m ++r — 17+ 1
zeros again lead to a contradiction of Theorem 5.1. We conclude that the
determinant cannot be zero if (8.6) holds.

The fact that the determinant is actually positive under (8.6) follows
from a continuity argument exactly as in the proof of Corollary 7.2. |

For the ECT case Theorem 8.1 was proved by a compliéated multiple
induction method by Karlin and Ziegler [17] (see also [8]). We can now give
some results on the one-sided basis of section 4. Let

Bl EARAS] §m+K = ul > u2 seees U s gm—m1+1(t’ xl))’“s

8.7
gm(t’ xl):---a gm—mk+1(ts xk)’---: gm(t: xlc)- ( )

Theorem 4.2 asserts that {B,}"+X is a basis for (U, ; #; 4).

THEOREM 8.2. Let m > 1. Suppose a < t; < *++ < lyyx < b are such
that at most m t’s and y’s take on any one value. Then

D (Bl yeees Em+l() > 0. (8.8)

1y ooy bsk
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Moreover, strict positivity holds if and only if

<< t; < Yiem » i= 1, 2,..., m -+ K, (8.9)
where

V1 K K Yuak T Xg gerey Xp geres Xpp peees X (8.10)
with each x; repeated exactly m; times (and with x, = a, m, = m, and with
Ymak+r < *** K Vamax arbitrary points larger than b).

Proof. 1If we apply Theorem 8.1 with p = m 4+ K, then by (4.14) we

obtain that the determinant formed from the functions
Up s —Up—1 5 (—l)m_l Uy, gm( > xl)’ —gm-l( ’ xl)a---, (_l)mi_l gm—m,-+1( ’ xl)

rees gm( L xk): _gm—l( ] xk)""z (_I)Mk—l gm-mk+1( > xk)

is nonnegative and is positive under the conditions (8.9). But if we reorder
these functions as in (8.7), the number of interchanges of columns of D
exactly accounts for all of the signs, and the result follows. ||

Now we can prove a total positivity result for the matrix formed from the
basis {B}1"HX.

THEOREM 8.3. Let 1 << v, < - < v, <m-+ K. Then

D (B }i) >o. (8.11)

tl see
Strict positivity holds if and only if

1€ (Vo Yogrm)y  i=1,2,.,p. (8.12)

Proof. The fact that D = 0 when (8.12) fails is established directly
using Laplace’s expansion. The strict positivity is established exactly as in the
proof of Corollary 7.3. |

9. AN EXAMPLE

There is no need to consider the well-known cases of trigonometric,
exponential, or hyperbolic splines (see Remark 1 in the following section
for some references). Instead, in this section we consider an example involving
a rather different kind of U,, .
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1Let m = 4. Suppose pe CY0, 1], p(t) >0 on (0,1], and that
Jop™(t)dt < . Let

() = 1,
u®) = | P diy,
) = [ () diy
u(t) = fo C i) dty2.

Let # = (1,1, 1,..., 1) so that we are considering simple knots, and con-
sider S (U, ; #; 4). This class of splines was used in a scheme for the
numerical solution of singular boundary-value problems of the form

—(p(®) 9" ()Y [b(2) + q(1) (1) = f(2)

in [24]. This class is a bone fide example of our notion of extended
Tchebycheffian spline as here U, is not spanned by an ECT system (p is
not sufficiently smooth, not being in C?[0, 1], and its behavior is bad at the
singular point 0).

To show how the Green’s function looks for a specific example, we take
the case p(t) = t7°,0 << o << 1, as considered in [24]. In this case u,(¢) = 1,
u(t) = t1f(1 — o), uy(t) =t°/(2 — o) and u,(t) = 1323 — o). It is
also easily checked that w,*(y) =1, w*(¥) =y, us*(y) = y¥2, and
u*(y) = y*9/(3 — 0)(2 — o)(1 — o). Now, using either (4.2) or (4.13),
we may compute

LB, ), P ),
Ut ="E ey T =) M=)

Local bases for this spline space can now be computed using Theorem 6.2.

10. REMARKS

1. Some specific classes of nonpolynomial splines have been considered
by various authors. The first seems to be the trigonometric splines considered
by Schoenberg [26]. Exponential splines were considered in [31], while
hyperbolic splines come up in [30]. These are all examples of Tchebycheffian
splines. More recently, Braess, Schaback, Schomberg, and Werner (see
[32] for references) have studied various classes of splines which are piecewise
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rational functions. These are not Tchebycheffian splines, although some of
the basic algebraic facts can be established in this setting.

2. Certain subspaces of the Tchebycheffian splines defined here are of
special interest; for example, natural or periodic splines (cf. [13, 17]). Bases
and zero properties for these subspaces can easily be developed (cf. [29]
for the development in the polynomial case).

3. Monosplines play an important role in development of certain best
quadrature formulas, and there are a number of papers on Tchebycheffian
monosplines (e.g., see [9, 14, 15, 20, 27]). Clearly, the notion of a
Tchebycheffian monospline as studied in these papers (where U,, is spanned
by an ECT system) admits of extension to the case considered here.

4. Tt would be possible to obtain analogs of some of the results presented
here in the case where the ties at the knots involve linear combinations of the
L; operators; i.e., a kind of Extended Hermite-Birkhoff type of continuity.
For some zero results in the polynomial case, see [29]. A general method for
constructing local support bases with such ties can be found in [6].

5. There is not space here for a number of other interesting constructive
properties of Tchebycheffian splines. Here we may mention that a generalized
Peano representation can be established, and that the analog of Marsden’s
identity [19], (cf. also [11]) can also be established in this setting. The total
positivity properties established here lead, of course, directly to certain
variation diminishing properties (cf. [8, 12]).

6. The usual divided difference can be computed recursively by reducing
the mth-order one to a difference of (m — 1)th-order ones. A similar scheme
can be used for generalized divided differences; see [21]. An important com-
putational tool which is missing here is a set of recursions for the stable
computation of the B-splines discussed in Section 6 as is available for the
polynomial case (cf. [1]).

7. Properties of Green’s functions are important in several areas. Some
additional references where Green’s functions similar to g,(t, y) are studied
include [8, 10, 13, 18], among others.

8. When {u;}7" is an ECT-system, the Tchebycheffian splines studied here
reduce to the usual ones. We may note that in this case the operators L; and
L;* involve ordinary right and left derivatives, respectively. Specifically,

D; = (1/w;yy) dy and D;* = (1jw;,) dy,,

where dj and 4, are the usual right and left derivatives. We also observe that
by a simple argument involving Leibnitz’s rule, it is easily seen that the
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specification of the values Lyg(?),..., L;p(¢) is equivalent to the specification
of the values (t), dr@(?),..., dg’e(t) in this case.

9. We have excluded the case m = 1 in Theorems 7.1 and 8.1, and their
corollaries because their statements are minor variants and because their
proofs are so simple. For example, Theorem 7.1 for m = 1 is exactly as
stated except that in (7.1 we permit equality on the left (all functions con-
sidered here are right continuous).

10. The operators D;* introduced in (4.11) have been taken as limits from
the left in order to ensure that (4.14) holds. In particular, in the polynomial
case we may observe that (¢ — y), may be differentiated with respect to y
at all points t except ¢ = y. At this point we may compute either left or right
derivatives. But if we want to get —(z — »)? , we have to use the left derivative
(remember (¢ — »)$ is right continuous).

11. The fact that we “differentiate’ g,.(¢, y) from the right with respect
to ¢ and from the left with respect to y permits us to define mixed derivatives
L;L*g.(t, y) for all 0 < i, j <<m — 1. We discuss determinants without the
assumption that at most m ¢’s and y’s take on any one value in a separate
paper.
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